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Abstract 
 The aim of this work is to presenta study of the Kβ/Kα X-ray intensity 

ratios for elements from 57La to 71Lu taken exclusively from experimental 
data. New recommended weighted average values (Kβ/Kα)WR are 
obtained dividing the experimental ratios (Kβ/Kα)Exp by the weighted 
ratios (Kβ/Kα)W, then eliminating the values not between 0.9 and 1.1. 
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Also, empirical average Kβ/KαX rays intensity ratios are established for 
elements from 57La to 71Lu using a method based on the interpolation of a 
popular analytical functionas a function of the atomic number Z. In 
addition to that, fitting the ratio S = (Kβ/Kα)Exp / (Kβ/Kα)W enabled to 
deduce new semi-empirical average Kβ/KαX rays intensity ratios.Finally, 
comparing our results with other theoretical, experimental and empirical 
values reported in the literature shows that there is a good agreement 
between the different values. 

Keywords: Semi-empirical calculation, weighted average values, X-rays intensity ratios. 
 
1. Introduction 

In manyapplications, including physical chemistry and medical research, 
calculating X-ray production cross sections and intensity ratios is crucial. 
Additionally, the determination of Kβ/Kα intensity ratios is employed to 
verify the validity of theoretical theories based on various atomic models. 
Numerous authors have already studiedKβ/Kα intensity ratio values, 
whether through experimentation under a varietyof conditions [1–3] or 
through theoretical investigation, such as Scofield's significant 
calculation utilizing Hartree–Slater theory [4]. However, it was 
discovered that both theoretical and experimental values and the 
experimental data itself differ, especially when it comes to lanthanides. In 
light of this, our study team chose to calculate semi-empirical Kβ/Kα 
intensity ratios for lanthanides by fitting the existing experimental data 
using analytical functions. The Kβ/Kα intensity ratios and weighted 
average values that were obtained from the database [5] are used to 
calculate the weighted recommended averages values (Kβ/Kα)WR. These 
were fitted with a polynomial fit to generate the empirical average Kβ/Kα 
X rays intensity ratios for elements from 57Lu to 71La, while the 
experimental data, which were then normalized to the corresponding 
weighted averages values (Kβ/Kα)Wwere fitted to obtain the semi-
empirical intensity ratios. Our findings were then compiled and compared 
with data from other theories and experiments. 

2. Method 

2.1Weighted and weighted recommended average values 
 

It should be noted that, the weighted average values of the intensity ratios 
(Kβ/Kα)Whave already been calculated in [5]. These were initially 
estimated because there are several published experimental results 
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(Kβ/Kα)Expfor a single atomic element. The formula used is the 
following: 

𝐾
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where (Kβ/Kα)Exp-i is the experimental intensity ratio, Δ(Kβ/Kα)Exp-

irepresents the uncertainty of the ith experimental value, and N is the 
number of experimental data. Figure 1 illustrates the Kβ/Kα experimental 
values for lanthanides normalized to their corresponding weighted 
averages values(Kβ/Kα)W. We can observe that there is a considerable 
gap between the weighted average values (Kβ/Kα)W and some 
experimental data (Kβ/Kα)exp, especially for the elements 62Sm, 63Eu, 

64Gd, 65Tb, and 68Er. The abundance of data used in this study is the main 
cause of this dispersion. All of the experimental values shown in Fig. 1 
that were outside of the range [0.9,1.1] have been eliminated in order to 
remedy this issue. Therefore, new reliable weighted recommended 
average values (Kβ/Kα)WR have been generated using the formula (1) 
once more. For elements with Z from 57 to 71, these values were used to 
calculate the empirical and semi-empirical Kβ/Kα intensity ratios. 

56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72
0,7

0,8

0,9

1,0

1,1

1,2

1,3

 

 

(K
b/

K
a

) ex
p/

(K
b/

K
a

) W

Z
 

Figure 1.The distribution of (𝑲𝜷 𝑲𝜶⁄ )𝒆𝒙𝒑/ (𝑲𝜷 𝑲𝜶⁄ )𝑾according to the atomic 
number Z for lanthanides. 
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2.2 Empirical and Semi-empirical calculations 

The formula below was used to get the empirical and semi-empirical 
average Kβ/Kα X ray intensity ratios for elements ranging from 57Lu to 

71La: 

((𝐾𝛽/𝐾𝛼) /(1 − (𝐾𝛽/𝐾𝛼) ))  =  𝑎 𝑍  
(2) 

Several researchers have already used a method based on this formula, 
including [6, 7, 5]. In order to use this method, the term((𝐾𝛽/𝐾𝛼) /

(1 − (𝐾𝛽/𝐾𝛼) ) must be fitted after being plotted against the atomic 
number Z, as seen in Fig. 2. A basic third-degree polynomial is employed 
for fitting: 

((𝐾𝛽/𝐾𝛼) /(1 − (𝐾𝛽/𝐾𝛼) )  =  𝑎𝑛𝑍𝑛 = 𝑔(𝑧)
3

𝑛=0
 (3) 

with: a0=1.95251; a1=-0.06514; a2= 0.00113; and a3=-6.34467 10-6.  
where (KβÚKα)WR refers to the weighted recommended average values of 
the intensity ratios. 

Figure 2. Distribution of ((𝐾𝛽/𝐾𝛼) /(1 − (𝐾𝛽/𝐾𝛼) )   as a function of 
The atomic numberZ. 
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As a result, new empirical average KβÚKα X-ray intensity ratios 
(KβÚKα)emp have been determined using the following equation: 

𝐾𝛽

𝐾𝛼
=

g(Z)   

1+g(Z)
 (4) 

After the out-of-range data in Fig.3 were removed, the remaining points 
were fitted by another third-degree polynomial: 

𝑆 =
( / )

( / )
= ∑ 𝑏 𝑍 = 𝑓(𝑍)  

(5) 

with: b0=18.22832; b1= -0.81243; b2= 0.01273; and b3=-6.6332 10-5. 
Semi-empirical average KβÚKα X ray intensity ratios can be expressed as 
follows by considering both equations (4) and (5): 

= 𝑓(𝑍) ×
g(Z)   

1+g(Z)
  

(6) 

 

Table 1 summarizes the semi-empirical and empirical calculations of the 
Kβ/Kα intensity ratios for lanthanides. 

Figure 3.The distribution of (𝐾𝛽/𝐾𝛼) / (𝐾𝛽/𝐾𝛼)  according to the atomic 
number Z for lanthanides, after the out-of-range data was removed. 
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Table 1. The semi-empirical and empirical calculations  
of Kβ/Kα intensity ratios for lanthanides. 

 
Z   Empirical   Semi-empirical 

57 0.2268 0.2257 

58 0.2286 0.2260 

59 0.2304 0.2269 

60 0.2323 0.2283 

61 0.2341 0.2300 

62 0.2359 0.2319 

63 0.2376 0.2339 

64 0.2392 0.2359 

65 0.2406 0.2378 

66 0.2418 0.2393 

67 0.2428 0.2404 

68 0.2434 0.2409 

69 0.2438 0.2407 

70 0.2438 0.2397 

71 0.2434 0.2377 

 

3. Results anddiscussion 
 
Fig. 4 illustrates the comparison between our semi-empirical calculation, 
theoretical values from Scofield [4], experimental measurements from 
Ertugrul [3], and semi-empirical values from Daoudi [8].  It can be seen 
that the theoretical, experimental, and semi-empirical values agree fairly  

Figure 4.Comparison between the theoretical values of Scofield [4], the semi-
empirical values of Daoudi et al. [8], the experimental data of Ertuğrul [3] and 

our results. 
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well with one another. Despite some elements as:57La and 66Dy showing a 
deviation of 12.6% and 12.2% with [3] and [8], respectively, the four 
plots are generally in a very good agreement. 

 
5. Conclusion 

In this research, newaverage Kβ/KαX-ray intensity ratios for lanthanides, 
have been determined empirically and semi-empirically, and presented, 
together with their fitting parameters. Our results were in good agreement 
with other published values for the chosen atomic number range. 
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